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Abstract

Mathematicians have conjectured that the simplexes are the polytopes that mazimize the isotropic
ratio among all convex bodies in R™ (the Strong Slicing Conjecture). This has been established
only in R?, where the triangle is the unique maximizer. In this paper we use both theoretical
and computational approaches to derive explicit formulas for the first and second derivatives of the
isotropic ratio of a polytope in R? in terms of its vertices, with the aim of providing a foundation

for attacking the conjecture in higher dimensions.
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Chapter 1

Introduction

In the study of geometry, understanding the characteristics of convex bodies and polytopes is of
central importance. A classical result in this direction is the Isoperimetric Inequality in R?: among
all simple closed curves of fixed length, the circle encloses the largest area. Various mathematicians
contributed to this inequality such as Jakob Steiner, who showed that any maximizer must be a
circle (without establishing existence of a maximizer), and by Karl Weierstrass, who completed the
argument using the calculus of variations. The Isoperimetric Inequality in R? states, for any simple

closed curve v in R? with length L(y) and enclosed area A(v),:

with equality if and only if «y is a circle.

One might ask about candidates that mazimize L(v)?/A(y). No maximizer exists: if v is a
rectangle with fixed perimeter, stretching it along its longer side decreases A(y) without bound, so
L(7)?/A(y) — oo along a sequence whose limit is a degenerate line segment. The set of curves with

fixed perimeter is therefore not compact, and no maximizer is attained.

Instead, we turn our attention to a related quantity that measures the shape of a convex body
more intrinsically: the isotropic ratio. Unlike the isoperimetric problem — which fixes L(vy) and
asks which shapes maximize A(y) — the isotropic problem asks: among all convex bodies with a
prescribed covariance structure C(P) = I,, and barycenter at the origin bp = 0 (isotropic position),

which ones maximize volume?



Unlike the isoperimetric case, the isotropic ratio does have both a maximizer and a minimizer
among all convex bodies in R™. As we will later see, since the isotropic ratio is invariant under affine
transformations (Lemma , theoretically it suffices to restrict our attention to bodies already
in isotropic position. Specifically, by Lemma [2.2.1] every convex body K can be placed in isotropic

position via the map T'(z) = C(K)™'/?(x — bg).

The Euclidean ball By is known to be the minimizer of the isotropic ratio among all convex bodies
in R™ [9]. The mazimizers are conjectured to be the simplexes (the Strong Slicing Conjecture). The

Strong Slicing Conjecture suggests that for any convex body K C R"™,

(n!)%
(n+1)% -Vn+2

where A C R” is any simplex whose vertices span R” and sum to zero and L?% is the isotropic

LK S LAn =

ratio (Definition . This has been confirmed in R?, where the triangle is the unique maximizer
[ . The Weak Slicing Conjecture — that L% is bounded above by a universal constant c
independent of dimension — was recently resolved [2, 10, 11], but the Strong Slicing Conjecture

remains open.

Unfortunately, solving the Strong Slicing Conjecture will not cure cancer, however proving this
conjecture would prove other open conjectures that involve affine-invariant geometric quantities such
as Mahler’s Conjecture [ 7 so developing new tools to study them is interesting. In this paper
we aim to provide a computational foundation for attacking the Strong Slicing Conjecture by using
explicit formulas for the first and second derivatives of L% in R? on polygons to gather more infor-

mation about the landscape of the isotropic ratio on polygons.

As with most optimization problems, the natural approach is to compute the gradient VL%
and Hessian V2L2, find critical points where VL% = 0, and then use the sign of V2L% to classify
them as local maxima or minima. However, first-order conditions alone are insufficient: for instance,
both the isotropic square and the isotropic triangle in R? satisfy first-order conditions, yet a direct
computation shows the triangle has a strictly larger isotropic ratio [3]. Computing these derivatives
by hand for n > 3 on a single polytope is difficult, so we hope to run computed experiments to help

us formulate conjectures. Below are a few questions we are interested in:



1. What happens at points which are not local minimizers of the isotropic ratio?

2. Is there a bound on the number of non-negative eigenvalues in the Hessian for non-local

minimizers?
3. Can we conjecture about the general behavior for non-minimizers and minimizers?
Our strategy is:

Compute the first and second derivatives of the isotropic ratio of a polytope P in R?
(polygon) in terms of its vertices, and see if we can find any interesting patterns in the

Hessian/gradient that we might generalize to higher dimensions.

We begin by establishing the necessary definitions and background results.



Chapter 2

Background

2.1 Definitions

Remark 2.1.1 (Standing assumption). Throughout this paper, all polytopes are assumed to be
convex, compact with non-empty interior, with the origin in the interior. Perturbing the vertices v;

by a sufficiently small amount preserves these properties.
Definition 2.1.1. Polytopes (H-Representation)
A polytope P is defined as the intersection of m half-spaces (assumed bounded):
P={zeR": (n;,z) <1foralli<m}
where the n; are outer normal vectors to the facets F; of P.
A facet of P is F; = {x € P: (n;,z) = 1}, and the boundary of P is 0P = |, F;.

Definition 2.1.2. Polytopes (V-Representation)
Let vy,..,ux € R™ k € N finite, conv(vy,vs,.,vx) is the convex hull of the vectors vy, vs, ., vg.

then a polytope P = conv(vy,vs,..,vx) is a polytope. (Assume origin is in the interior)

A vertex v; of a polytope P can be represented as v; = (v;1, via, -, Vin). In R? R® we may use

notation like v;; or d;y to denote the x/y component of v;. In general n case, we will use Vij.

Definition 2.1.3. Affine Transformation

An affine transformation of R™ is a map f : R" — R™ where f(p) = Ap+b,Vp € R", A € GL,(R)



Definition 2.1.4. Barycenter of P (First Moment of P)

1
bp = ——— d P
P %mﬂLm%xe
Definition 2.1.5. Covariance Matrix of P

The covariance matrix of P is

1

C(P) WMP)AJxMQ@prdm

Equivalently, writing « ~ Uniform(P) and bp = E[x], this is C(P) = Cov(x). An alternative closed
form is:

_f zxlde  [paxde [,27dx
CW%‘QMH _éwﬂ'%mn'

Proof of equivalence. Let x ~ Uniform(P). Then

C(P) =E[(z — bp)(z — bp)”]
= Elzz’] — E[z]bh — bpE[zT] + bpbh

= E[zz”] — bpbF,

. . . J zaT dx Jpxdr [ z7 dz
which is precisely f\’/ol(P) — \}(’)I(P) . {’,OI(P) . O

Definition 2.1.6. Isotropic Position
A convex body P is said to be in isotropic position if the following conditions are met
1. bp=0
2. C(P) = I,, (identity matrix)

Definition 2.1.7. Isotropic Ratio

The isotropic ratio of a convex body P is

Definition 2.1.8. Simplices in R™

A simplex S, in R™ with nonempty interior is defined to be the convex hull of n 4+ 1 affinely

independent vectors.



Lemma 2.1.2. Given any convex body P, L% = L2, where Tx = Az +b, A € GL,(R), b € R"

(the isotropic ratio is invariant under affine transformations).

Proof. We compute Vol(TP), brp, and C(TP) individually, using C(P) = ﬁ(}?) Jp(@ —bp)(x —
bp)T dz (Definition 2.5).

1. Vol(T'P) = | det A| Vol(P), by the change-of-variables formula for linear maps.

2. byp = m fTdep. Substituting p = Ax 4+ b and applying the change of variables dp =
| det A| dx:

| det A| 1

brp= ———— A bdr = ——1( A d bVol(P) ) = Ab b.
TP |detA|Vol(P)/P( v+b)da Vol(P)< /P” z + b Vol( )) Pt

3. C(TP)= W Jrp(p—brp)(p—brp)T dp. Substituting p = Az+b (so p—bpp = A(x—bp))
and dp = | det A| dz:

| det A|

C(TP) = |det A|Vol(P)

/ A(x —bp)(z —bp)T AT du = AC(P)AT.
P

Substituting into the isotropic ratio:

Vol(TP)? | det A|2 Vol(P)?
_ (et APdet ORI\ _ (derC(P)\'" 0
“\JaetApvor(P2 )~ \Voipyr ) T

2.2 Existence of Isotropic Position

Lemma 2.1 shows that the isotropic ratio is an affine invariant. A natural question is: does every
convex body actually admit an isotropic position, i.e. can we always find an affine map T such
that T'(K) satisfies bp(xy = 0 and C(T(K)) = I,? The answer is yes, and the canonical choice is
T(x) = C(K) Y?(x — bg).

Lemma 2.2.1. Let K C R" be a convex body with barycenter by and (positive-definite) covariance

matriz C(K). Define the affine map

T(x) =M (z — bg), M = C(K)™/?,



where C(K)~'/2 denotes the (unique, symmetric, positive-definite) matriz square root of C(K)~'.

Then T(K) is in isotropic position, i.e.

Proof. We verify the two isotropic conditions separately.

Step 1: Barycenter. Since T'(z) = M(x — bg) is an affine map with linear part A = M and

translation b = —Mbg, we have from the proof of Lemma 2.1:

bT(K):AbK+b:MbK+(*MbK):O. v

Step 2: Covariance. From Lemma 2.1 (item 3 in the proof), C(T(K)) = AC(K)AT. With
A=M=C(K)"Y?and AT = MT = C(K)~/? (since C(K)~/? is symmetric):

C(T(K)) = C(K) ™2 C(K) C(K) /2,
By definition of the matrix square root, C'(K)~Y/2 C(K)Y? = I, so

C(K)"Y?C(K)C(K)™V? = (C(K) Y2 C(K)Y?) (C(K)2C(K) ™) =1, I, = I,.

Therefore T'(K) satisfies both conditions of Definition 2.6 and is in isotropic position. O

Remark 2.2.2. The choice M = C(K)~'/? is not unique: any map of the form M = U C(K)~/?
with U orthogonal also places K in isotropic position (since U I,, UT = I,,). The symmetric choice
M=C(K )_1/ 2 is canonical because it is the unique positive-definite square root.

Furthermore, the resulting isotropic body T'(K) has the same isotropic ratio as K by Lemma
2.1. This justifies the remark in the Introduction: without loss of generality, one may always assume

that the convex body under study is already in isotropic position when analyzing the isotropic ratio.

Now that we have defined our definitions, we can start deriving the first and second derivatives of
L%. The first step is to define a perturbation which L% will be changing with respect to. Whenever
one talks about optimizing functions over polytopes, we should think of observing how this function
behaves over this polytope under some perturbation. We can define this perturbation rigorously by

assigning a perturbation vector w; to every outer normal vector, n;, of each facet F;.



Definition 2.2.1. Perturbation of P

Let w; € R™, Vi, ||w;||= 1. Define W =

—wy—

—Wg—

— Wy —

which is the array of rows (wg, w1, ..wy,). Let P,y be P perturbed by W with respect to time
t,0<t<1.
We define Py = {z € R: (n; +tw;, x) <1} Vi, F; 4,1 = {x € Pow : (n; + tw;, ) = 1} denotes the

ith-facet of P w.

Definition 2.2.2. Velocity of 9P
For all z € 9P, draw a line in the direction of its outer normal in P. We denote d;(z) to be the
signed distance between x and the point along this line where it hits 0F; i then we can define the

velocity

v(z) = %iH(l) dtix)
5

Lemma 2.2.3. Let f : R® = R, P, w and OP denote our perturbed polytope and its boundary at t = 0.

Then,
d
G fwil = [ @@
dt Jp, o Jor
Proof. By the Leibniz Integral Rule, we have < Ip. , [ t)dz| = [, W(%f(I, t))dz+ [op(f(2,t)v - n)dx

t=0
where n is the outer unit normal vector at = and v is the velocity vector field. Since our f does
not depend on ¢, fPt " %f(a:,t)dm = 0, and one can check that v - n is exactly defined by v(z) in

Definition 3.2. O

Lemma 2.2.4. Let f: R" - R and

H(nl,..,nm):/Pf(;v)dx



where ny, .., n,, are the outer normal vectors that define P then

T

ViH(nl,..,nm) = —/
F,

il

f(z)dz

Proof. Notice, we already have that % fPf, w f(z)dz = [opv(@)f(z)dz, so it suffices to find a

t=0
representation of v(z) with respect to a perturbation that only adjusts F; (any perturbation that

adjusts facets F},j # ¢ does not change v; and hence V;H (v1,..,vm) = 0). We can represent these
perturbation as the following: for some 4,1 <1i < m,n; = n; + tw; for some w; € R™ (i.e. only one

facet is shifted by w). It follows that

n;

[l

<Tli + twi,x + dt(IL')

) =1

since n; + tw; is a point that lies on F;,, by definition, and z is exactly di(x) away from its

T

intersection with Fj ., ; in the Tl
T

direction. Hence, the two points live on the same facet F; ,, ;.

U

(n; + tw;, & + di(x) ) = (n; + tw;, x) + (n; + tw;, dt(a:)”:i—zw

[l

= (mi, @) + (twi, @) + (ni, dy (@) ) + (s, dy (@) )
| [
Note, (n;,z) =1 so
n; n;
tw;, ) + {n;, di(z) —) + (tw;, dy(x)——) =0
Wt 2} Gy el + b ) )
<wiax>
= v(x) =—
([l
d (w;, )
(wi, Vill) = = flyde) = [ w(z)f(z)de=— - f(x)dx
Pw =0 P Fiwe |7l
O
Lemma 2.2.5. To find maximizers P of
det C(P) 1
L2 = (—— )=
=t Vol(P)2 )
it suffices to find minimizers P of
) _ VOl(P)2n+2
¥ det C(P)



where C(P) = Vol(P) [pxaTdx — [, zdx [, x7dx
Proof. Note, C(P) = Vol(P)?C(P) = det C(P)Vol(P)*" = det C(P)

_ Vol(P)2n+2 Vol(P)2n+2 Vol(P)2"2  Vol(P)?

P = Q) dValPPOTP) ~ ValPrr e c(p) ~ dc(p) P

Hence,

. 1
(12)" = (5 = TF

Since (L%)™ is a monotonic increasing function, maximizers of L% must be minimizers of L%.

10



Chapter 3

Deriving the First and Second

Derivative of the Isotropic Ratio

As mentioned earlier, one of the classic optimization approaches to finding the maximizers/minimizers

is to find where the first derivative of our function is 0, and use the second derivative to rule out

Vol( Py w)?" 12

At C Py with respect to

candidates. As shown in Lemma 3.2, it suffices to find minimizers of

time and some set of perturbation vectors W. Let our function

Vol(P, 2n+-2
fu(t)y = L i)
det C(Pyw)

below we compute % fy(t) and j—;fw(t).

Lemma 3.0.1.
d Vol( Py )™+ d o
— t) = —————"—— (2 2)— Vol( P, — Vol(P, T P, —C(P,
dth() et C(Py) (2n+ )dt Vol(Py,w) — Vol(Prw) Tr | C(Prw) dtc( W)

Proof. By Quotient Rule,

d Vol(Pyw)**? _ det C(Pow)(2n + 2)V01(Pt,w)2n+1%\{ol(Pt,W) — Vol(Pyw)?+2 4 (det C(Pw))
dt det C(th) det C(Pt’W)Q

By Jacobi’s Formula (4 det A(t) = det A(t)[Tr(A(t) =1 £ A(t)]

_ det é(Pt,W)(Qn + 2)V01(Ptﬁw)2"+1%VOl(Pt’W) — Vol(Pt7W)2"+2[det C_'(Ptyw)TI‘[ (Pt,W)_lﬁé(Pt,W)“

det C (P )2

11



After some rearrangement of terms,

- \M (2n + 2)%V01(Pt,w) — Vol(Pyw ) Tr[C(Pyw) %ath)]
O
Lemma 3.0.2.
d? V2n d d 2 ,d g d
/W) =5 [(@n+ )2V —g)(2n +2) 7V —g) + 2+ 2)V 5V = Vir 2 =g V)

Proof. Let gw (t) = Vol(Pyw )Tr[C(Pyw) ' £C(P,w))-
d _ Vol(Pyw)*H! d - .
Then, & fw(t) = “qet CBw) [(2n 4 2) L Vol(P,w) — gw(t)]. To further simplify our calculations,

we will denote V = Vol(P;,w) and D = det C(P;). Then,

d y2ntl d
fw(t)=—5— @+ 22V — gw(t)
Let A(t) = Y2 and B(t) = (2n+2)LV — g (t).
By Product Rule,
@ 14 awB 4 B4
gz /w(t) = [ ADIB(E) + [ B)]A()

Next, we compute £ A(t) and % B(t)

n d n d
d 4o @t DV GVD -V ED

= D2
=@+ Ly Lo
dt = en dt2 a9

We substitute these expressions back into % fw (),

d? (2n+1)V2ridyp - yntidp d? d
pfw®) =1 ‘“D2 L=1B(t) +[(2n + 2)2mV = aw(BIA(R)
y2n d VLD d d? d

Recall, by Jacobi’s Formula,

V&D _ V(DTr(C(Pw) ' £C(Pw)))

2 U VAT C(Pow) L TP ) = g

dt

12



If we substitute this back into %fw (t), we get

Lot =V @t DY - pen+ 2y - g (@ Ly - Loy
a2\ = p A A A e T a?
Notice, V24[9] 4 g4y = Vg Hence,

L= (en ey — @t dv— g+ enav Ly el 4y
a2\ =p a9 a9 e av a

13
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Chapter 4

Polygon Triangulation

In order to compute the first and second derivative of the isotropic ratio, we need expressions to
compute the components Vol(Pyw ), C(Pw), £ Vol(Prw), %C (P w) in R? in terms of the vertices
of P. To do this, we start off by defining a triangulation of our polygon P, as these equations are

easier to compute on triangles.

Let P be a polygon with m vertices. Let the set of vertices V(P) = {wvg,v1,..,0m—1} where

Vi,0 <i<m—1,v; = (Viz, Viy) and vz, vsy € R. We will denote, v; = v; mod m, Vi € N.

Label the vertices of P in clockwise orientation. Next, we triangulate P as follows:

VZ,l S ) S m — 2, Al S A’l)o’()ﬂ)ﬁ,l

14



clockwise

——> n;: outer normal

————— > w;: perturbation

n,

w

The triangulation of P in R? is then defined to be the set of m — 2 triangles A; indexed by

1<i<m—2.

15



Chapter 5

The Moment (Generating Function

(MGF)

Now that we have defined our triangulation of a polygon P. Let us return to computing the first and
second derivatives of the isotropic ratio as mentioned in Lemma One can compute these
quantities directly by solving double integrals over the set of triangulations. However, we can also
utilize the moment generating function to create a systematic template to computing these quantities
over standard triangles. However, to illustrate the efficiency of moment generating functions let us

first attempt to compute Vol(P,w ), [ Py pp”T dp directly.

5.1 Computing Vol(P, )
In general,

Vol(Pw) = / dp, where p = (z,y) € PLw and z,y € R

Py w

In the case of R?, we can use our triangulation to compute Vol(P).

m—2
Vol(P,w) = Z Area(A\;)
i=1

where

1
Area(;) = §|Uia¢v(i+1)y — VigV(i41)a

16



V4

Proof. Let E; = . Then, det E; = vizV(i11)y —ViyV(i+1)2- Recall that |det ;| represents
Vi1 —

the area of the parallelogram spanned by v; and v; 11 (the absolute value takes care of the negative
sign introduced from the vertices’ clockwise orientation). Hence, Area(A;) = 3| det E;|. We conclude

with Vol(Py ) = Y7 % Area (). O

5.2 Computing C(P, )

Recall p is some point in P,y with the representation p = xze; +yes where z,y € R, e = (1,0), eg =
(0,1).
C(Pw) = Vol(Pt,w)/ pp"dp — / pdp/ prdp
Py w Py w Pyw
Hence, to compute C(P; w ), it boils down to computing fAi pdp,fAi pLdp, fAipppo. Unlike
in the volume case where we didn’t have to evaluate an integral, here we do. In fact, each of these

integrals are over triangles with different vertices so the computation gets messier. This is where

the moment generating function comes in.

5.3 Defining our Moment Generating Function

Recall for a scalar random variable X, Mx(A) = E[eM] = 32 ti]El[!Xt]. Hence, one can take

C%MX(O) to get E[X™].

For a vector valued random variable Y, My (z) = E[e{*P)], » € R2.

In our case, we define Mp(Az) = [,

—2
Pow e>‘<27p>dp = Z’:;l N e>‘<zvp>dp’ z E RQ

Theorem 5.3.1. The first form of the Moment Generating Function (MGF) of a polygon P with

m sides under the triangulation mentioned in Chapter 4 is given by

Mp()\Z) =

m—_2 |det A;| [eMi —erai e —ghe
)

)\Q(Qifc bi—ai bifc

i=1

where a; = (z,v;),b; = (z,vi41),¢ = (z,v0), A € R, 2 € R?

Proof. We will first derive the MGF on a special type of polygon with vy = 0 and then use this to

17



derive the general form of the MGF where vg is not the origin.

5.3.1 Deriving the MGF on P with vy =0

Let Ma,(\2) = [, eM#Pldp = Mp(\z) = 707 % Ma,(A\2). In order to compute M, (A\z), we map
A\; onto an easier domain to work with: the standard triangle SA = A(0, eq, e3) where e; are the

standard basis vectors in R™. This mapping is given by

c RQXQ

>

Vit1 Vs

such that A;e; = v;11, Ajea = v; (assuming vy = 0).

For all p € AA; we have p = xej + yes where z,y € R. Now, we compute the individual Ma,(Az),

Mp, (\z2) = / eMEP) dp = | det 4| / eMzAip) dp = | det 4| Mz Aien)z+(z, Ajea)y) dp
A SA SA

Noting A;e1 = v;41, Ajes = v,

l—x
= |det A; |/ (zwirs)e+(2008) gy — | det A; |/ Mz virn)e / MBI dy dx
0

__ ! Mzwi)(1—m) _
0 )‘<Z7U’i>

Factoring out W

_ | det 4y

1
/ eA(z,vi_H)er)\(z,vi)(lfm) _ eA(z,vH_l) dx

e 1 1
_ |det Az' |:€>\<Z’Ut> / e)\(z,vi+1—vi)z dx _/ eA(z,vH_l)r d$:|
Az, v;) 0 0

Evaluating the integrals,

. |detE| Meon) eMzvipi—vi) _q eMzvig1) _
= )\<27U2‘> € )\<Z,Ui+1 _Ui> )\<z7vi+1>
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|detE| |:e)\(z,vi+1> _ e/\(Z,’Ui) e)\<z,’l}7;+1> _ 1
-

- /\2<Zvvi> <Z,Uz'+1 - Ui> B <Z,Uz‘+1

Letting a; = (z,v;),b; = (2, vi41),

| det A [e“’i —erai b 1}
)\2(11‘ bz — Qa; bz

Hence,

b; —a;

m—2 —_
_ |det Al| e i _ pAai B erbi 1
Az) = ; 22a; ' i
5.3.2 Deriving the MGF on P with vy # 0

Notice if P does not have vy = 0 then we can simply translate P — P — vy such that vy = 0, then
apply the MGF we just derived above on the domain P —vg. In order to account for this translation,
we must add back vy to p within the integral. It suffices, to just replace v;, v; 1 with v; —vg, v;41 —vg

respectively in M, (A\z) and A; becomes A;, where

2x2
Ai: Vir1 — Vo V; — Vg eR

More formally,

/ eA(z,p) dp :/ eA(z,p+vo) dp — 6>\<Z’UO>/ ek(z,p} dp _ e)\(z,vo)MP_UO ()\Z)
P P—’U()

P—’Ug

Mzso) Z |detA | e/\<27Ui+1—Uo> _ e)\(%’l)i—?fo) e>‘<zvvi+1_vo) -1
—¢ _
A (z,v; —vo) [ {2, (Vig1 —vo) = (vi —v0)) (2, vit1 — Vo)

Z vo m—2 |detA | |:6/\<Z77Ji+1110> _ 6)\<Z,’Ui7’00> 6)\<z,vi+17vo) _ 1:|
— N(z,v; — vo) (2, vip1 — v4) (2,vi41 — vo)
2 . . v :
i |det A;| [erli —erai  eAbi _eAe
— A2(a; —¢) b, —a; b; — ¢
i=1
where ¢ = (z,vp) O

It follows that, E[X] = £ Mp()\z) evaluated at A = 0 and E[X?] = Mp()\z) evaluated at
A = 0. Then,
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2

d
) <Z7p>2dp = 7MP(AZ)
A=0 /1;) dx? A=0

[ (b = o032

and Vol(P) = [}, dp = limy_o Mp(Az).

Now, that we have a form of Mp(Az) in Theorem we seek to convert the first form of

Mp(Xz) into the form Y .2 ’}C—T [ (2, p)* dp so we can compute the moments [, (z, p)" dp.

Theorem 5.3.2. The second form of the Moment Generating Function (MGF) of a polygon P
with m sides under the triangulation mentioned in Chapter 4 is given by
—2 2 2 2
bs+ §+ bf-i— _c€+2

=N | det A;]
MP()\Z)_Zi Z i—C) [ bfal B b; — ¢

|
— sl (s+1

where a; = (2,v;),b; = (2,vi11),¢ = (z,v0), A € R, 2 € R?

Proof. As derived in Theorem [5.3.1

m—2 ) ) )
det A; eMbi —grai  pAbi _ pAc
v = 3 e | ]

)\2(0,1'—0 bi—ai B bi—C

=1

Next, we taylor expand all the exponential terms with A,

m—2 0o oo
| det A;] k(b —ak NE(BE — k)
Mp(A — !
pAz) = p A2(a; —¢) Z '(b; — a;) pors El(b; — ¢)
mz | det A i)\k[ a’?)_(bf—ck)]
_ 1 : T
= Nai—c) =k —a;) (b —¢)
Notice, for £ = 0,1 : ((li:f)) - (é’g;f)) = 0 hence the summation ) ;- )‘k—]: [((Zi:f)) - (?gi:i;)}
effectively starts at £ = 2. Hence,
m—2 00
| det A, NET(bF —ak)y  (bF —cF)
Mo(dz) = " % % %
p(r) 2~ X2(a; — ) kz::z K (i —a;)  (bi—c)

If we let s + 2 = k and swap the order of summation,

B i )\7 7"22 |detA | (bf+2 _ af+2) - (bf+2 — 5+2)
N = st [ (s+1) s+2 P (b; — a;) (b; — c)
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Remark 5.3.3. Notice, that one quick application of the MGF is computing the volume of P. Recall,
in Section m we showed that Vol(P) = 137 |detA |. Well now we will attempt to rederive

the same equation using the MGF.

Vol(P / dp = hn%) Mp(Az)

As you take A — 0 only s = 0 term survives

mz:z|detA| —a? b —c?
~ b —a; b; —c

m—2

| det A;] 1m
b A
@—0 [b; + a; — (b; + )] =35 E: | det A;]

i=1

as desired.

Corollary 5.3.4. Given a polygon P with m sides under the triangulation mentioned in Chapter

4, the n-moments are given by

2 |det A;] [ B5F2 —ast?) (BT - eot2)

k _ N —
/P<Z,p> dpi ( 5+2 (bi—ai) (bi—c)

CL
=1 v

where a; = (z,v;),b; = (2,v;11),¢ = (2,00), 2z € R?

Proof. By definition we define the moment generating function as

Mp(Az) :/ eMEp) dp
P

Expanding the exponential term in its taylor series and by the absolute convergence of this series

we swap the order of summation,

g%

According to the second form of Mp(\z),

d—zk'/zp

k=0

Sy et 017 ol _ G-

/P<z,p>kdp= (8+1 S+2 (bi—ai) a (bi_c)

a
=1 v
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Chapter 6

Computing the First and Second
Derivatives of the Isotropic Ratio

in terms of the vertices in R?

In this chapter we utilize the moment generating function as a systematic method to compute all

moments of P, which are precisely the quantities needed to express %fw(t), j—;fw(t).

6.1 Computing %fw(t): Assembling the First Derivative
Recall from Lemma [3.0.1

- VOl(Pt’W)2n+1

d
%JCW (t)  det C'(Pt’w)

[(Qn + 2)%V01(Pt7w) — Vol(P, w)Tr C(Pt7w)1jtc(Pt,W):|:|

The dependency chain for % fw (t) is then summarized in the diagram below:
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Below we compute all the building blocks of % fw ().

6.1.1 Computing %vi and %vi
Lemma 6.1.1. Let A, B € R"™" A € GL,(R) then %(A+tB)™!|;o = —A"'BA™!

Proof. Let Z(t) = (A+tB)™!, so that (A+tB)Z(t) = I. Differentiating both sides with respect to
t:
BZ(t)+ (A+tB)Z'(t) = 0.

Evaluating at t = 0 gives B Z(0) + A Z'(0) = 0, i.e. BA™! + AZ’(0) = 0. Multiplying on the left by

AL
Z'(0)=-A"'BA™L.
O
—N;— —W;—
Lemma 6.1.2. Let N; = Wi = where n; is the outer mormal vector to
—Ni+1— —Wit1—

facet F; and w; is the perturbation assigned to F;. Then the first and second derivative of the

velocity of vertex 1 is given by

dvi 1
— = =N'W 6.1
dt —0 7 Vi ( )
dQ’Ui —1 1
dt2 o =2 Ni VVZ.ZVZ Wl V; (62)
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Proof. 1. Let N;(t) = N; + tW; as the normal outer vectors of each facet are being perturbed
with respect to ¢t by the set of perturbations W. Notice, each vertex v; is the intersection of

two consecutive facets, so it satisfies the system of equations for all t,0 <¢ <1

1
N;(t)vi(t) = ¢,c =
1
Since NV; is invertible and by product rule,
d d d
(1) = N;(t) e = —ui(t) = = Ni(t) e+ Ny ()T
wlt) = Ni(t) Lo = Zuilt) = TNi(1) e+ Ny(t) e
%c = 0 since c is a constant vector so
d d 1
—vi(t) = —N;(t)~
qlit) = Ni(t) e
Now, by Lemma [6.1.1| where N;(t)~% = (N; + tW;)"! = L N;(¢)~1| = —N;'"W;N; ", so
t=0
ivz(t) = N, 'WiN e
dt ‘=0 ’ ‘
But N, 'c = v,
= —Ni’lWivi

2. Given %vi(t) we attain W;v; + Ni% = 0. Upon differentiating this expression we find
t=0

d |: d’Uz:| dl]i dl]i dZ’UfL'
— | Wiv; + Nj—— =0=>0+W;—| )+ Wi—| +Ni—5| )=0
da |t A |, Yt |, Ydt |, "dt? ],
. 2., 2,
- —2N;1Wi@ U BN ON'WiN Win; = v
dt |,_  dt?|,_, dt? |,_,

as desired.

O

Remark 6.1.3. 1. W, need not be invertible; only N;(¢) (and in particular N; = N;(0)) is required

to be invertible, which holds as long as the two facets at vertex v; are not parallel.

1
2. ¢ need not be , the value of ¢ depends on how the support functions for each facet is
1
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defined in the beginning. However, as we will see later since c¢ is always a constant vector,

under differentiation ¢ makes zero contribution to the derivatives.

6.1.2 Computing V, V', and |det A;|
As shown in both Section [B.Il and Remark [(5.3.3t

m—2

1
V=3 D [ det A (6.3)

i=1

It then follows by linearity of differentiation that
1 m—2
r_ G
V=2 ; | det A;] (6.4)

where

| det A;|' = (det A))tr(A AL where 4] = d(vi+c1lt— ) d('Uid; o)

| |
Proof. Applying the chain rule gives | det 4;|" = sgn(det A;) - (det A;)".
| |

Given the clockwise orientation of P, det |v; — vy w;p1 —wvo| <0=det4; > 0= sgn(det 4;) =1

By Jacobi’s formula, (det A;)" = det A, - tr(A; ' A%), hence

|det A;|" = (det A;)tr(A; 1AL

6.1.3 Computing [,(z,p)dp, [(z,p)*dp

Using our n-moment formula in Corollary in particular for s = 1 and s = 2: we can compute
Jp(z.0) dp, [p(z,p)* dp where a; = (z,v;),b; = (2,vi41), ¢ = (2, v0), 2 € R
m—2

/P<z7p> dp = % Z | det A;|(a; + b; + ¢) (6.6)

i=1
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Proof. By Corollary [5.3:4]

m—2
1 |det A;| [b2 —a? b} —c3
/P<Z7p>dp_ (1+1)(1+2) z:zl a; —C [blal - bl‘*C

m—2
1 |det 4;] 5 5 5
=- (b7 + aib; + af) — (b7 + bic+ ¢?)]
6 = ai—c
m—2 m—
1 |det Az| 1
:61:1 p— [(a; +b; +¢)(a Ez:: det 4;| [(a; + b; + ¢)]
O
1 m—2
/ (z,p)*dp = - Z | det A;] [(a? + bf + ) + (bia; + c(b; + ai))] (6.7)
P i=1
Proof. By Corollary
m—2
1 | det A, —a}  bi-ct
2 dp = i
/P(z,p> P (1—|—2)(2+2); a; — ¢ bl—aZ b; —c
1= | det A; |
-3 _ (b7 + agb] + bia; + ai — [b] + cb? + bic® + 7]
=1
12 \detA \
= )+ bi(ai — ) + (af — ¢*)]
T 12 — (a; —
1 m—2
T2 > I det Ai| [(aF + b7 + ) + (bia; + c(bi + a;))]
i=1
O
6.1.4 Computing ([, (z,p)dp)’, ([p(z,p)* dp)’
Holding the same definitions of a;, b;, ¢
d 1 — —1 4/ /
il = Z det 4;) TTADS + S0 (6.8)

Wherea§f<,dt >b’:<z,%vi+1>,c’f<,dt 0),5: = (a; +b; +¢), S, = (a} + b, + )

Proof. Recall, [,(z,p)dp =} S | det Ail(a; + by + )
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By Chain Rule,

i
dt

CDM—!

Z [| det A;|"(a; + b + ¢) + | det A;|(a) + b + )]

By Jacobi’s Formula and since sgn(det 4;) =1

m—2
1
=5 (det A;)(tr(A; P AL (a; +b; 4 ¢) + (a) + b +¢)
=1
O
d [ coran= 1 Tnz_:z(detAv)[tr(AflA‘)Q4 + Q] (6.9)
dt 12 & ‘ P '

where Q; = (a?+b?+c?)+(bja;+cb;+a;c) and Q) = 2(a;al+b;b+cc')+bl(ai+c)+a(bi+c)+c (bi+a;)
Proof. Recall, [,(z,p)?dp= 15> i, 2| det A, [(a? + b2 + %) + (bia; + c(b; + a;))]
Let Q; = (a? + b2 + ¢) + (b;a; + cb; + a;c). By Chain Rule,

d 1 ) /
7/P< 772; [| det A;|'Q; + | det A;|Q;]

where,

Q; = 2(a;a; + b;b; + ') + bi(a; + ¢) + a;(b; + ¢) + ¢ (bi + a;)

6.1.5 Computing C ' (Pw)

Recall that

CPr) = Vol(Pr) [ (o) dp - ( [ dp)2 (6.10)

We can compute C(P, ) given that we have Vol(Pyw), [p(z,p) dp, [ (2, p)? dp from Eq. (6.3) (6.7).

It follows that éfl(PtVW) is solvable as well by simply taking the inverse of a 2 x 2 matrix.
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. d
6.1.6 Computing $C(F; )
From Eq. (6.10)), differentiating with respect to ¢:

d N / /
—C(Py) = V' / z,p)2dp+ V </ z,dep) —2/ Z,p dp(/ Z,p dp) 6.11
R = [ i ([ e [ coan( [ (6.11)
q.4%,_/ Eq.3
Eq.7 Eq.9 Eq.6 Eq.8

By Eq. , , , , , , we can now compute %G(Pt_w).

6.1.7 Computing < fi(t)

Substituting the computed components from Section [6.1

Eq.3
~~ =
ﬂf (t)_ﬂ 2n+2) V' — V tr|C(Pw)™? EC(P ) (6.12)
dt WA det C ~— =~ ;,/w_/ dt o .
—~— Eq4  Eq.3 from Eq.10
Eq.10 Eq.11

6.2 Computing j—; fw(t): Assembling the Second Derivative
Recall from Lemma [3.0.2

d? Van d d d? dg d
—fwt) = — [(2n+1)=V —g)(2n+2)—-V — M4+ V—V-Vi_Z —g—
safw(®) == {<(n+ )V (@ +2) 2V =)+ @n+ 2V o5V = V2 =g V)

The dependency diagram for sz fw(t) is then given below:
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d2
ﬁfW(t)

Notice, to assemble d—z w (t) we now need the following new pieces:
dt

"

v (L) g =vuleTen (L, (/P<z7p>2dp)”, (/P<z7p>dp> "

6.2.1 Computing |det A;|” and V"

This is one of the components that appears up in many of our later terms, so we compute it first.

|det A;|" = det A; [(tr(A; ' A}))? + tr(—A; TALATT AL+ AT AT (6.13)
where
| | | |
4 — | A1 —vo)  d(vi —vo) 4 — | @ ig1 —vo)  d*(vi — o)
‘ dt dt ’ ‘ dt? dt?

Proof. Recall by Eq. [6.5
|det A;|" = (det Ai)tr(Ai_lA;)

29



Under product rule,
|det A" = (det A;) tr(A; T AL) 4 (det A;)tr(A; ALY

By Jacobi’s Formula,

= det A;tr(A; 1 A})? + det Ajtr(A; T A})

Since tr (trace) is linear we can push the differentiation inside and use product rule,
tr(A; AL = tr((A;7 1) AL+ AT AY)

Notice, A; is invertible as all outer normal vectors are linearly independent. Applying Lemmal6.1.1}on

Ai(t) = A; + tA] we find (A;(t)) im0 = —A; TALAT!. Hence,

|det A;|" = det A; [(tr(A; " A)))? + tr(—A;7 TALAT AL + AT AT

O
By differentiating V’ term by term we arrive at
1 m—2
V' = 5 > | det Ayl (6.14)
i=1
where | det A;|” is given by Eq. (6.13))
6.2.2 Computing ([,(z,p)dp)”, ([(z,p)*dp)”
Let p; = tr(Ai_lA{) and adopt the notations S;, S!, Q;, @} in Eq.
1 m—2
([ e oy = 5 3 (et 4 (208! + 5 + )85 + 5] (6.15)
i=1

Proof. Recall by Eq.

m—2
Z det A;)(p:iS; + S;)
=1

C)\)—‘

([ r)doy =
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Then by chain rule and applying product rule on p;.S;,
1 m—2
(/ (. p) dp)” = £ 3 [(det A7) (piSi + ) + (det Ai) (S5 + S + 5]
P =1

As proved in many situations above with Jacobi’s Formula, (det A;)" = det A;tr(A; 1 AL) = det A;p;,

m—2

[(det A) (i) (piSi + Si) + (det A;) (p;Si + piS; + S})]

@\H

i=1

Expanding all terms and regrouping we attain

m—2
1
(/ (z,p)dp)" = = > (det A;) [2p;S] + (p} +p})Si + S/']
P 6 =1

where S;/ = (a/i/ + b;/ + c//) ]
m— 2
1
F z:l

where Q) = (a/T; + b/U; + 'V;) + (a;T] + ;U + V), T; = (b + ¢+ 2a;), U; = (a; + ¢+ 2b;), V; =

b; + a; + 2¢) and p} was computed in the proof of Eq.[6.13
(2

Proof. Recall by Eq.

m—2

([ (e an) = 35 3 (et A)ler(A7 4)Qi + QI

i=1
where Q; = (a?+b?+c?)+(bia;+cbi+a;c) and Q' = 2(a;a;+b;b;+cc')+b}(a;+c)+a(bi+c)+c (bi+a;)
Then again by chain rule and product rule,
m—2

(/P<z % ; (det A;) (psQs + QF) + (det Ay)(p,Qi + pi@Q} + QY)

3

—2
1
= 12 (det 4;) (P Qi + piQ; + PiQs + piQ} + QY)
1

-
Il

3
b

(det 4;)(Q:(p? + p}) + 2p:Q} + QY)
1

—
w"_‘

i
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Now, we compute Q7.
Q) = 2(a;a + bb, + cc’) + b (a; + ¢) + ai(b; + ¢) + ' (bi + a;)

= Q = 2[(a})® + as(a) + (b))% + i(b) + (¢')* + e(c")] + b (a; + ©)+
bi(a; + )+ al (b + ¢) + a;(b; + ') + " (b; + a;) + ¢ (b; + a;)
= a (bj+c+2a;)+b] (a; +c+2b;) + " (bi +a; +2¢) +al (b + ' +2a}) +b(a, 4+ +20)) + ' (b +al +2¢")

If we let T; = (b; + ¢+ 2a;), U; = (a; + ¢+ 2b;), V; = (b; + a; + 2¢) then it follows that Q7 =
(T4 VU, + Vi) + (@] + UL+ V)

6.2.3 Computing C”

Now that we have computed V", (fp<z,p>2 dp)”, ([p(z,p) dp)" we are ready to assemble C”

@=WL@W@HWL@W@HWL@W@%%%&@@Wﬂﬁ@W@%@@@ﬂ
(6.17)

Proof. Let X1 = [5(z,p)?dp and X3 = [(z,p) dp. Then, Eq [6.11]tells us that

C’ X1 + X -2 Xy X}

=V \%
N SN N~
Eq4 BEq.7  Ea3 gqo Eq.6 Eq.8

By applying product rule on each term we find

C"=V"X1 +V'X] + V'X] + VX - 2(X5X; + X5 X3)
After combining like terms,
=V"X, +2V'X] + VX —2((X5)* 4+ XoX3)

Substituting X1 = [,(z,p)? dp and Xy = [,(z,p) dp back in, we get

¢ = v [ a2 [ eV [ e o2

P

@@@Wﬂﬁ@W@%@@@ﬂ
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6.2.4 Computing g and ()’

By construction we let

g=Vtr[CC

where V, C~1, C’ were all computed in Section

(6.18)
(2) =u[-ciceia e
) =t + ] (6.19)
where C” was computed in Eq.
Proof.

() = u[C7'CT = u(C7'CY] = ul(C71) ' + O]
Notice, since C' is symmetric positive definite it is invertible. Then by Lemma where C(t)~! =
(C+tC)t=dom =

= —C~'C’'C~! and substituting it into (&) we get
=0

6.2.5 Computing %fw(t)

L]
Substituting the computed components from Section [6.2]
Lot = 2 (@ e Ly — @)Ly _ gt sy Ly vz 49 dyy
a2’ = a7 a7 dt av, L
~—— ~—— Eq. B.13
EBq. 14 Eq. [6-19]
(6.20)
where D = det C.
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Chapter 7

Example Computations of Isotropic

Positions, % fiv(t) and g—; fiv ()

In this chapter we will compute % fw (), % fw (t) by hand on a square to help us verify whether
these equations have been implemented correctly in code. Going through such computations for
a single example helps us also see why we would want to build software to help us compute such
values. Before diving straight into % fw (), % fw (t), we will compute the isotropic position of any

given square and triangle.

7.1 Computing Isotropic Positions

7.1.1 Example: Isotropic Position of a Square

Here we compute the isotropic position of any given square under the affine map T'(P) = C(P)~'/?(z—

bp).

Setup. Let V(P) = {(a,a), (a,—a), (—a,—a), (—a,a)}, so Vol(P) = 4a? and bp = (0,0) by

symmetry (since [* zdx = [* ydy=0).
Computing C(P). Recall

_f zxlde  [paxde [,27dz
op) = Iifol(P) B \;:)l(P) ' \I;ol(P) '
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Since bp = 0, the second term vanishes. For the off-diagonal entries:

// a:ydmdy:/ xdx-/ ydy = 0.

For the diagonal entries:

a a a 23 44
I a= [ = e

By symmetry the y? entry is the same, so

where I,, is the n x n identity matrix. Hence C(P)~/2 = ?Ig, and

T(P) = Bp V(T(P)) = {(V3,V3), (V3,-V3), (-V3,-V3), (-V3,V3)}

a

7.1.2 Example: Isotropic Position of a Triangle

Let V(P) = {(0,a), (a,0), (0,0)}, so Vol(P) = & and

bp = (g, g) — (computed via the standard centroid formula) — see below.

We compute bp and C(P) by direct integration over the triangle {(z,y) : 2 >0,y >0,z +y < a}.

Off-diagonal entry.

a ra—zx a _ 2 1 a 4
//mydydx:/ / xydydx:/ x~%dw=§/ a:(a2—2ax+x2)dx:;—4.
o Jo 0 0

First moments.

a 3 3
//xdydm:/ox(a—z)dx:%, //ydydx:%ﬁbp:(g,g).

Second moments (diagonal, x =y case).

a a—zx a a4
/ / xgdydx:/ w*(a—2z)de = —.
o Jo 0 12

35



Hence

So

To find C(P)~/2, we diagonalize: eigenvalues of are \; = 3, Ao = 1, giving
-1 2

P

C(P)~1? = V2 R — | V(T(P)) = {(6 — V12,6 + V12), (6 + V12,6 — V/12), (0,0)}
o a V3—1 _ ! ! ’ ’ !

[\

S
+
+

7.2 Handwritten Notes of Computing £ fy(¢) and %fw(t) on
a Square

vo = (—a,a), vy =(a,a), ve=(a,—a), vs=(—a,—a).

—Ni—1— —Wi—1—
A= Vit1 — Vo V; — Vo> W= )
—n;— —w;—

o o o
o o o o
Z
Il
=
Il

Conditions on the normals n;:

((z,a),np) = 1Vx = ng = (0, %) ,
((x,—a),ng) =1V = ng = (0,7%) ,

((a,y),nm) =1YVy =>ny = (%,O) ,

<(_aa y)7n3> =1Vy = n3 = (—%,0) .
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A{ d(UH_l - 110) d(’UL — ’Uo)
! dt dt
_1 9 o 1 1 0
= No=| ° , N1 = “ Ny=|*
o 1 10 0o -1
0 0 1 0 0
WO p— B Wl = W2 = B
1 0 0 0 0
First derivatives at t = 0:
d -1 0/ 10 0_ —a
—wvo(t)| =-Ny'Wovg=—1] “ =
dt V= 0 070 1
0 2|11 0 a
d ) 0 1 0| |a 0
% 1(t) _ __Nl WlUl— =
t= % 0 0f |a —a
d
L ot ‘ @ oa(t ‘ —0.
dt 2(t) t=0 dt 3() t=0
A/-/ _ |:d2(1}i+1 - ’Uo) d2(’U¢ - ’Uo):| )
’ dt? dt?
Second derivatives at t = 0:
d? 3 a 0 0
ﬁv()(t) i—o = Q(NO 1W0)2’U0 =2
0 —a 0
(Intermediate: the product squared is [ %, 8]2.)
d? B —a|l |1 0
@Ul(t) 0 = 2(N1 1W1)2’U1 =2
- a 0 0

(Intermediate: product squared is [ %, §

0 0]2_)
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d? d?

— = — =0.
a2 ? ‘t:o ae” ’t:O
Computing A4, A; and their determinants/inverses:
A a—(—a) a—(—a) 2a  2a A —a—(—a) a—(—a) 0 2a
1 = = 5 2 = =
—a—a a—a —2a 0 —a—a —a—a —2a —2a
det A; = det Ay = 4a?.
, 0-0 0-0 0 0
Al = =
0—-a? —a®?—a? —a? —2a?
1 1 1
A1 — 1 0 —2a _ 0 —5 Aol 1 |—2a —2a 7% T
R P I N S T I R U
a a %a %a a %a
0-0 0-0 0 0
Al = =
0—a? 0—a? —a? —a?
Lo 2 2
(3)V:§(4a +4a*) = 4a®.
1 a a
4) V' = =(—2a® + 2a3) = 0. =—- = —.
4V 2(a+a) 0. pm 5 P2=3
/ 2 0 _i 0 0 2 (@ 3
|det A1]" = 4a” tr =4a <§fa):72a.
1 1
%a %a —CL2 _2a2

|det Ao|/ = 4a? tr| | 2* %

1 2 2
o 0 a a

(5) |det A;|" = —2a3, |det Ay|" = 2a3.

(6)

m—2

1
[ b= 3 det Al i i+ ).

i=1
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For the square (m — 2 = 2 triangles):

a a —a a
(a1 +b1+c) = (z, + + )= (2, )
a —a a a
a —a a —a
(a2—|—b2—|—c)=(z, + + >:<Z7 >
—a —a a —a
4a? a —a
= ©): (=] [+]| =0
a —a
(™) ,
1 —
2dp = — A (a2 + b2 + 2 a; ; ;
[ o= > Jaet [(@2 402 )+ (s + b+ )]

and Q; = {(af + b2 + c2) + (bia; + (b + ai))}

Triangle 1:
a? = (az14a20)? = a*(214+22)%, b2 = (az1—a2)? = d*(21—2)?%, & = (—az1+az)? = d®(21—2)°.
= al+b07 4+ =a((z1 4 22)° + 2(21 — 22)?).
biay = (az1 — az)(az) + az) = a®(23 — 23).
e(by + a1) = (—az1 + azz) [(azl —az) + (az; + aZQ)] =2a%(—21 + 22)21.
= Q1 =a*((z1 +22)> +2(21 — 22)?) + @®(2] — 23) + 2a%21(—21 + 22).
Expanding:
Q1= a*((z1 + 22) +2(21 — 22)° + (2] — 23) + 221(—21 + 22))
=a? (2 + 22122 + 25 + 2(2] — 22120 + 23) + 27 — 25 +2(—2] + 2122))
=a?(22] +223) = 2a*(27 + 23).
Triangle 2:

a% = (az1 — azz)2 = a2(21 — 22)2, b% = (—az — a22)2 = a2(21 + 22)2, 2= a2(z1 - 22)2.
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= a3 +b3+c =a((z1 4 22)° + 2(21 — 22)?).

boas = (—az) — az)(az — az) = —a?(2? — 23).
c(by + az) = (—az +az)[(—az — az) + (az1 — az)] = —2a*(—2z1 + 22) 22

= Qa=a*((z1+2)%+2(21 — 22)> — (2] — 23) — 2(—z122 + 23)) = a®(227 + 223) = 2a® (] + 23).

= @Q1=0Q2 and

4q2 4
/P<z,p>2 dp = %(2@2(7;% + Zg) + 2a2(zf + z%)) =3 a* (zf + 22)

(8)
/ m—2
dp| == det A;)(p; S; + 5}),
(/P<2,p> p) c ;( et A;) (pi Si + 57)
where p; = tr(Ai_lAg) (computed in steps 3,4): p; = *g, p2 = %, and (computed in step 6):
Sl = <Za [g]v SQ = <Za [:Z]
, , , , 0 0 0 0
Si=a;+b+ =z + + ) = (z, ) =0.
—a? 0 a® 0
0 0 0 0 )
Séza'2+b’2+c’:<z, + + >:<Zv >:a22'
0 0 a® a?

= (8) = % <H;] a(z1 + 22) + 0] + Hg} (—a(z1 + 22)) + a222]>

2a? 2
%(—aQ(zl + 29) +a2z2) =3 a2 |.

(9) / .
(/P<Z > *%Z det A4;) [pz’QiJrQ;},

=1

with @1, Q2 computed in step 7.



(a1d) 4+ bty 4 cc') = (az1 + az2)(—a?2) + (az1 — az2)(0) + (—azy + az)(a®zy) = —2a%2 2.

(agalhy + bobly 4+ cc') = (az1 — az2)(0) + (—az; — az9)(0) + (—az; + az2)(a’zp) = —a® (2129 — 23).

by(az +¢) =0, an(bs+c) =0,

2 —a a 2 3.2
d(by + az) = (a”22) ( 2, + = (a®22)(—2az) = —2a°z3.
—a —a
= Qhy=2(—a?(z120 — 23)) — 2a®22 = —2a>21 2.
4a? a? 4a’®
= (9) = E [(p1Q1 + Qll) + (pQQQ + Q/Q)} = ? {2(—2&32122)] = —7 Z129 |
(using p1@Q1 = —p2Q2, so those terms cancel)

(10) Covariance matrix C(p, 2):

(.C0)) =V [ (s dn - ( e dp)Q.
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256

, and det C = ——¢q12.

16a°

V’/P<z,p>2dp+V(/P<z,p>2dp)/2/P<z,p>dp~ (/P<z,p>dp)/
—(0) <;1a4||z|§) + (40%) <—4§SZIZQ> —2(0) (/P<z,p> dp)l _ —163“7 12|

0 8a” 3

- . B}
c'ot = N = tr(C~1C") = 0.
-5 0 0 tou

2TC'2 = az? + 282120 + 23,

_ a f _ 0 _847 ~ 3 0
where C' = ,s0 C' = 3 ,C1 = 16aS
8,7 5
B v —2d" 0 0 Toew

(12) (for n =2):

att=20

"o
Al = Al =

(13) Second derivative of | det A;|:

|det A;|" = det A; [pf + tr(—(A;lAg)2 + A;lA;’)]

|
[V
R "“
o
o
(]S}
IS

—1 5/ 0
AT AL = _

gl\') Ll
[}
R "“
|
Q
(V]
|
]
Q
[\v]
|
nle
|
Q
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_ a
= tr(—(AllA’l)):—Z:p’l
1 1
—5-  — 5= 0 0 EI
— 2a 2a
A21A,2/: = 2 2 R
% 0 —a? —a? 0 0
—a2 (12 2
— 4 4 _ a
= (A2 1A/2)2 — , = 1]]:‘(_(142 1A/2) ) _ _Z = pl
0 0
2 2 2 2
= |detA ”:42(_9) _9 A — 2(9)_&:
| det A | a{ 5 1 0, | det As|" = 4a 5 1 0

1 m—2 1
(14) v =2 > [ det A" = 5(0+0)=0.
=1

(15)

" 1 m—2 / , / }

where S;, S/ computed in (8), and S¥ = a// + b + ", p, = tr(—(A; LA + A1 AY) (computed in

(13)).

(16)

m—2

(/P<z,p2 dp) = % > (det A;) (Qi(p] +p)) + 2piQ) + Q)

i=1

where Q; from (7), Q} from (9), and Q} = (a/T; + V/U; + 'V;) + (T} + bjU! + ¢'V/), with

Ty=b;+c+2a;, U =a;+c+2b, Vi=b;+a;+2c
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Triangle 1:

Ty = (b1 + ¢+ 2a;1) = (z, + +2 Y = 2a(z1 + 22).

a
U = (a1 + ¢+ 2by) = (2, + +2 ) = (z, ) = 2az;.

Vi = (b1 + a1 +2¢) = (z, + +2 ) = 2azs.

Vi =) +d} +2) = (z, +2 ) = a’2.
—a? a2
Triangle 2:
—a —a a 0
Ty = (by + ¢+ 2a2) = (z, + +2 ) = {(z, ) = —2azs.
—a a —a —2a
a —a —a —2a
Us = (ag + ¢+ 2b2) = (2, + +2 ) = {(z, Yy = —2a(z1 + 22)-
—a a —a —2a
—a a —a —2a
Vo = (by + as + 2¢) = (z, + +2 ) = (z, Yy = —2az2;.
—a —a a 0
of fo| o]
Ty = (by + ' + 2a3) = (z, + + ) =a’z.

0 a? 0

Uy = (ay+ ' +20,) =0+ (z, )+ 0 = a’z.

Vy = (b + ab + 2¢') = 220
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= Q{=(0-T1+0-U1+0 V1) + ((—a’z)(=az) + (a®2)(0) + (a’22)*) = 2a" 3.

(Detailed: (a}T]+b,U{ +'V/) = (—a?

—a 22)(_a222)+0'0+(—a222)(a2z2) 4.2 4.9
2a*23.)

=a*22 —a*23 + (a%2)? =

QY = (ahTy + byUL + 'V3) = 0+ 0 + (a®2)(222a%) = 2a*23

= (16) =~ [Ql ((—;)2 - Cf) + 2(—%)(—2{122122) + 20422

[ V)

a

=3 [2@42122 — 2&42122 + 4a4z§]

40522
3

(17) Second derivative of C:

o = (0) ( / <z,p>2dp> 12(0) ( / <z,p>2dp>l+(4a2) (4;2) = l(—za%)z ‘o ( [ dp) ]

16a823 4 16a%23 8
= (;Z2 -2 [gaszf] = 6;22 §ang.
%as 0 ]
= CW _
0 16,8
3
8 7 3 a a?

co-1- | © 30| [T 0 0 =2 ez = |1 0
8 3 a a?
—3a° 0 0 Gas -3 0] 0 T

(18) g =V + tr[C~1C’] = 4a%(0)
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(19)

(20) (for n =2):

fr () = Bo)

9

bo17 |(5(0) = (0)(6(0) - 0) + (6)(4a?)0) — (402
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Chapter 8

Discussion & Future Work

8.1 Software

The formulas derived in this paper have been implemented in a Python package available at:
https://github.com/jchaitheguy/isotropic_ratio

Given a polygon specified by its vertices, the software computes the first and second derivatives of
the isotropic ratio % fw(t) and g—; fw(t) as derived in Chapter and Chapter This provides
a practical tool for running computational experiments on the landscape of the isotropic ratio over
polygons, with the aim of informing conjectures toward the Strong Slicing Conjecture in higher

dimensions.

Unfortunately, we did not have enough time to use this python script to run tests on the number
and characteristics of the eigenvalues in the isotropic ratio’s Hessian for all P. However, we were
able to verify that the script’s outputs do match up with the manual computations that we made

in Chapter 7.

47


https://github.com/jchaitheguy/isotropic_ratio

Chapter 9

Bibliography

1. P. Grinfeld. Introduction to Tensor Analysis and the Calculus of Moving Surfaces. https://

polcp.itk.ppke.hu/files/targyak/anal3/konyvek/Pavel_Grinfeld_Tensor_analysis.pdfl

2. B. Klartag and J. Lehec. Affirmative resolution of Bourgain’s slicing problem using Guan’s

bound. arXiv preprint arXiw:2412.15044, 2024.
3. R. Van Handel. Some notes about optimizing over convex polytopes. Unpublished notes.

4. A. Mapenko. Finding polygonal maximizers of the isotropic constant via facet perturbations.
Princeton University Senior Thesis, 2023. https://dataspace.princeton.edu/handle/88435/

dsp01vx021j465.
5. Jacobi’s formula. Wikipedia. https://en.wikipedia.org/wiki/Jacobi%27s_formula.
6. Shoelace formula. Wikipedia. https://en.wikipedia.org/wiki/Shoelace_formula.

7. B. Klartag. The slicing problem by Bourgain. https://www.weizmann.ac.il/math/klartag/

sites/math.klartag/files/uploads/bourgain_slicing_problem.pdf.

8. J. Bourgain, B. Klartag, and V. Milman. Symmetrization and isotropic constants of convex
bodies. In Geometric Aspects of Functional Analysis, 2005. https://www.math.tau.ac.il/

~klartagb/papers/fvr.pdf.

9. T. Rothvoss. Asymptotic geometry. Lecture notes, University of Washington. https://

sites.math.washington.edu/~rothvoss/lecturenotes/AsymptoticConvexGeometry.pdf.

10. P. Bizeul. The slicing conjecture via small ball estimates. arXiv preprint arXiv:2501.06854,

2025. https://arxiv.org/pdf/2501.06854.

48


https://polcp.itk.ppke.hu/files/targyak/anal3/konyvek/Pavel_Grinfeld_Tensor_analysis.pdf
https://polcp.itk.ppke.hu/files/targyak/anal3/konyvek/Pavel_Grinfeld_Tensor_analysis.pdf
https://dataspace.princeton.edu/handle/88435/dsp01vx021j465
https://dataspace.princeton.edu/handle/88435/dsp01vx021j465
https://en.wikipedia.org/wiki/Jacobi%27s_formula
https://en.wikipedia.org/wiki/Shoelace_formula
https://www.weizmann.ac.il/math/klartag/sites/math.klartag/files/uploads/bourgain_slicing_problem.pdf
https://www.weizmann.ac.il/math/klartag/sites/math.klartag/files/uploads/bourgain_slicing_problem.pdf
https://www.math.tau.ac.il/~klartagb/papers/fvr.pdf
https://www.math.tau.ac.il/~klartagb/papers/fvr.pdf
https://sites.math.washington.edu/~rothvoss/lecturenotes/AsymptoticConvexGeometry.pdf
https://sites.math.washington.edu/~rothvoss/lecturenotes/AsymptoticConvexGeometry.pdf
https://arxiv.org/pdf/2501.06854

11

12.

13.

14.

15.

. Q. Guan. A note on Bourgain’s slicing problem. arXiv preprint arXiv:2412.09075, 2024.

https://arxiv.org/abs/2412.09075.

K. Ball. An elementary introduction to modern convex geometry. In Flavors of Geometry,
MSRI Publications, vol. 31, 1997. https://math.uchicago.edu/~shmuel/AAT-readings/
Combinatorial’%20Geometry, %20Concentration, %#20Real’,20Algebraicy20Geometry/ball.

pdfl

S. Campi, A. Colesanti, and P. Gronchi. A note on Sylvester’s problem for random poly-
topes in a convex body. Rend. Istit. Mat. Univ. Trieste, 31(1-2):79-94, 1999. https://www.
openstarts.units.it/server/api/core/bitstreams/d0b379f4-e6cb-4d70-91dd-143d88¢91a9d/

content.

W. Blaschke. Uber affine Geometrie XI: Losung des “Vierpunktproblems” von Sylvester aus
der Theorie der geometrischen Wahrscheinlichkeiten. Leipziger Berichte, 69:436-453, 1917.

B. Klartag. Isotropic constants and Mahler volumes. arXiw preprint arXiv:1710.08084, 2017.

https://arxiv.org/abs/1710.08084!.

49


https://arxiv.org/abs/2412.09075
https://math.uchicago.edu/~shmuel/AAT-readings/Combinatorial%20Geometry,%20Concentration,%20Real%20Algebraic%20Geometry/ball.pdf
https://math.uchicago.edu/~shmuel/AAT-readings/Combinatorial%20Geometry,%20Concentration,%20Real%20Algebraic%20Geometry/ball.pdf
https://math.uchicago.edu/~shmuel/AAT-readings/Combinatorial%20Geometry,%20Concentration,%20Real%20Algebraic%20Geometry/ball.pdf
https://www.openstarts.units.it/server/api/core/bitstreams/d0b379f4-e6cb-4d70-91dd-143d88e91a9d/content
https://www.openstarts.units.it/server/api/core/bitstreams/d0b379f4-e6cb-4d70-91dd-143d88e91a9d/content
https://www.openstarts.units.it/server/api/core/bitstreams/d0b379f4-e6cb-4d70-91dd-143d88e91a9d/content
https://arxiv.org/abs/1710.08084

	Abstract
	Acknowledgements
	Introduction
	Background
	Definitions
	Existence of Isotropic Position

	Deriving the First and Second Derivative of the Isotropic Ratio
	Polygon Triangulation
	The Moment Generating Function (MGF)
	Computing Vol(Pt,W)
	Computing C(Pt,W)
	Defining our Moment Generating Function
	Deriving the MGF on P with v0 = 0
	Deriving the MGF on P with v0 =0


	Computing the First and Second Derivatives of the Isotropic Ratio in terms of the vertices in R2
	Computing ddtfW(t): Assembling the First Derivative
	Computing ddtvi and d2dt2vi
	Computing V, V', and |Ai|'
	Computing Pz,p dp, P z,p 2 dp
	Computing (Pz,p dp)',(Pz,p 2dp)'
	Computing C-1(Pt,W)
	Computing ddtsiunitxunit-deprecatedࡡ爠barbarC(Pt,w)
	Computing ddtfW(t)

	Computing d2dt2fW(t): Assembling the Second Derivative
	Computing |Ai|'' and V''
	Computing (P z,p dp)'', (P z,p2  dp)''
	Computing C''
	Computing g and (gV)'
	Computing d2dt2fW(t)


	Example Computations of Isotropic Positions, ddtfW(t) and d2dt2fW(t)
	Computing Isotropic Positions
	Example: Isotropic Position of a Square
	Example: Isotropic Position of a Triangle

	Handwritten Notes of Computing ddtfW(t) and d2dt2fW(t) on a Square

	Discussion & Future Work
	Software

	Bibliography

